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Abstract
We consider parallel submanifolds M of a Riemannian symmetric space N and study the question
whether M is extrinsically homogeneous in N , i.e. whether there exists a subgroup of the isometry group
of N which acts transitively on M . First, given a “2-jet” (W, b) at some point p ∈ N (i.e. W ⊂ TpN is
a linear space and b : W ×W → W⊥ is a symmetric bilinear form) , we derive necessary and sufficient
conditions for the existence of a parallel submanifold with extrinsically homogeneous tangent holonomy
bundle which passes through p and whose 2-jet at p is given by (W, b) . Second, we focus our attention on
complete, (intrinsically) irreducible parallel submanifolds of N . Provided that N is of compact or non-
compact type, we establish the extrinsic homogeneity of every complete, irreducible parallel submanifold
of N whose dimension is at least 3 and which is not contained in any flat of N .
1 Introduction
Given a Riemannian manifoldM and an isometric immersion f :M → N into some Riemannian symmet-
ric space N , we let TM denote the tangent bundle ofM , ⊥f the normal bundle of f , h : TM×TM → ⊥f
the second fundamental form and S : TM ×⊥f → TM, (x, ξ) 7→ Sξ(x) the shape operator. ∇M and ∇N
denote the Levi Civita connection ofM and N , respectively, and ∇⊥ denotes the usual normal connection
on ⊥f (obtained by projection). Then there is the splitting f∗TN = TM ⊕ ⊥f and the equations of
Gauß and Weingarten state that for X,Y ∈ Γ(TM), ξ ∈ Γ(⊥f)
∇NXTf Y = Tf(∇MXY ) + h(X,Y ) ,
∇NXξ = −Tf(Sξ(X)) +∇⊥Xξ .
Furthermore, hp is a symmetric bilinear map on TpM with values in ⊥pf for each p ∈ M , i.e. h is a
section of the vector bundle Sym2(TM,⊥f) . On the latter vector bundle, there is a connection induced
by ∇M and ∇⊥ in the usual way, often called “Van der Waerden-Bortolotti connection”.
Definition 1.1. f is called parallel if h is a parallel section.
In a similar fashion, we define parallel submanifolds of N (via the isometric immersion defined by the
inclusion map ιM :M →֒ N). It is known that a parallel submanifold of N is always intrinsically a locally
symmetric space and that a simply connected complete Riemannian manifold M is necessarily a globally
symmetric space in case there exists a parallel isometric immersion f : M → N (since N is a symmetric
space).
Example 1.2. 1-dimensional parallel isometric immersions c : R→ N are either geodesics or (extrinsic)
circles (in the sense of [23]); they are given by the Frenet curves of osculating rank one and two, resp.,
parameterized by arc-length.
Let I(N) denote the Lie group of isometries of N (see [14, Ch. IV, § 2 and § 3]). Given a connected
Lie subgroup G ⊂ I(N) and some p ∈ M , let H ⊂ G denote the isotropy subgroup at p . Then the
orbit M := Gp ∼= G/H is a submanifold of N (cf. [27, Ch. 2.9]) called an (extrinsically) homogeneous
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submanifold ; however, the topology ofM is not necessarily the induced topology, i.e. M is not necessarily
a regular submanifold.∗
Since parallelity of h can be seen as the extrinsic analogue of the characterization of a locally symmetric
space, ∇R = 0 , one should intuitively expect that a complete parallel submanifold of N is extrinsically
homogeneous. In fact, if N is a Euclidian space and M is a complete parallel submanifold of N , then it
follows from a result of [9] that M is a symmetric submanifold (i.e. M is invariant under the reflections
at the various normal spaces, see [10]); another proof of his observation was given in [25] . Clearly, every
symmetric submanifold of an arbitrary ambient space (in the sense of [22, 25]) is a homogeneous parallel
submanifold, but there always exist parallel submanifolds which are not extrinsically symmetric unless
the ambient space has constant curvature.
Nevertheless, if the ambient space N is a rank-1 symmetric space, then every complete parallel sub-
manifold of N turns out to be extrinsically homogeneous (for curves, this follows from [21, Theorem 2.1];
for higher-dimensional submanifolds, this is a consequence of the classification of parallel submanifolds
in rank-1 symmetric spaces, see [1, Ch. 9.3]). However, this fact remains no longer true if N is of higher
rank: In fact, according to [21], a homogeneous space N is Euclidian or a symmetric space of rank 1 if
and only if every circle c : R→ N is the orbit of a one-parameter subgroup of I(N) .
In this article, we will study extrinsic homogeneity of parallel submanifolds of N ; thereby the case
that N is of higher rank is always implicitly included. In this case there seems to be “not much known
about parallel submanifolds of N” (cited from [1]) ; hence our results might serve as a first step towards
a better understanding of parallel submanifolds in ambient symmetric spaces of higher rank.
1.1 The main result
If M is a Riemannian manifold, p ∈ M is a fixed point and e := (e1, . . . em) is an orthonormal basis
of TpM , then, by definition, the holonomy bundle of TM through e (denoted by Hol(M)) is obtained
by parallel translation of e along the various curves [0, 1] → M with c(0) = p . Clearly, every subgroup
G ⊂ I(M) acts on the principal bundle of orthonormal frames overM in a natural way; but, in general, G
does not leave Hol(M) invariant. However, if M is a symmetric space, then the subgroup of I(M) which
is generated by the transvections (see Appendix C) acts transitively on Hol(M) .
Definition 1.3. Let M be a (quasiregular) submanifold of the symmetric space N . M has extrinsically
homogeneous (tangent) holonomy bundle if there exists a Lie subgroup G ⊂ I(N) which leaves M invariant
and some p ∈M such that for every curve c : [0, 1]→M with c(0) = p there exists some g ∈ G with
• g(p) = c(1) ,
• and the parallel displacement along c is given by
(
1
‖
0
c )M = Tpg|TpM : TpM → Tc(1)M . (1)
Clearly, then M is the orbit Gp .
Example 1.4. (a) Every symmetric submanifold of N has extrinsically homogeneous holonomy bundle.
(b) For every curve c : R→ N the following assertions are equivalent:
• c is the orbit of a one-parameter subgroup of I(N) .
• c(R) is a homogeneous submanifold.
• c(R) is a submanifold with extrinsically homogeneous holonomy bundle.
In the following, an intrinsically flat, totally geodesic submanifold of the symmetric space N is shortly
called a flat. Recall that N is called of compact or non-compact type if the Killing form of i(N) restricted
to p is strictly negative or strictly positive, respectively (see [14, Ch. V, § 1]), and that a simply connected
symmetric space M is called reducible if it is isometric to the Riemannian product of two symmetric
spaces of dimension at least one, respectively (otherwise M is called irreducible).
∗ One can show that M is a quasi-regular submanifold of N (cf. [27, p. 17/18]) , which means the following: If P is any
manifold and u is any (not necessarily continuous) map defined from P to M , then u is differentiable if and only if ιM ◦ u is
differentiable. The proof of this result can be found in [12, Vol. II, Ch. III, § 2, Theorem 1]
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Theorem 1.5 (Main Result). Let f be a parallel isometric immersion from a simply connected irreducible
symmetric space M with dim(M) ≥ 3 into a symmetric space N of compact or non-compact type. Then
the following assertions are equivalent:
(a) f(M) is not contained in any flat of N .
(b) f(M) is a homogeneous submanifold of N .
(c) f(M) is a submanifold with extrinsically homogeneous holonomy bundle.
If any of these properties holds, then f(M) is actually a parallel submanifold of N and f :M → f(M) is
a Riemannian covering.
Recall that an isometric immersion f : M → N is called full if f(M) is not contained in any proper
totally geodesic submanifold of N (cf. [1, Ch. 2.5]) and that the rank of N is the dimension of a maximal
flat in N (see [14, Ch. V, § 6]) .
Corollary 1.6. In the situation of Theorem 1.5, suppose that dim(M) is greater than the rank of N or
that f is full. Then f(M) is a parallel submanifold with extrinsically homogeneous holonomy bundle and
f :M → f(M) is a Riemannian covering.
It is known that every homogeneous submanifold is complete and that the universal covering space of
every complete parallel submanifold of M is a symmetric space. Therefore:
Corollary 1.7. Let N be a symmetric space of compact or non-compact type. Then every locally irred-
cuible homogeneous parallel submanifold of N of dimension at least two has extrinsically homogeneous
holonomy bundle.
Furthermore, according to [16, Theorem 7], for every (possibly not complete) parallel submanifold
Mloc ⊂ N there exists a simply connected symmetric space M , an open subset U ⊂ M and a parallel
isometric immersion f :M → N such that f |U : U →Mloc is a covering. Hence:
Corollary 1.8. Let N be a symmetric space of compact or non-compact type and Mloc be a (possibly
not complete) locally irreducible parallel submanifold of N with dim(Mloc) ≥ 3 . Suppose that Mloc is not
contained in any flat of N . Then Mloc is an open part of a submanifold with extrinsically homogeneous
holonomy bundle.
Example 1.9. Consider the Riemannian product space N := CP1×CP1 , which is a Hermitian symmetric
space of compact type and rank 2 . Let c : R → N be a “generic” circle (this condition will be explained
more precisely in the proof of this example). Then c is a full parallel isometric immersion, but c(R) is not
a homogeneous submanifold of N .
This article is organized as follows: In Section 2, we recall some well known results on parallel
submanifolds of symmetric spaces.
In Section 3, we consider “infinitesimal models” of parallel submanifolds with extrinsically homoge-
neous holonomy bundle: given a formal 2-jet at some point p ∈ N , we ask the question whether this
2-jet is induced by a parallel submanifold with extrinsically homogeneous holonomy bundle which passes
through p (see Definition 3.1 and Theorem 3.2). The proof of Theorem 3.2 can be found in Sections 3.1
and 3.2. As a first application of Theorem 3.2, given a symmetric submanifold of some symmetric space
N˜ , there seems to be a possibility how to construct a full parallel submanifold of the symmetric space N
which is not extrinsically symmetric (see Theorem 3.5). Furthermore, given a parallel isometric immersion
f :M → N , we can state necessarily and sufficient conditions on the 2-jet of f at p which decide whether
f(M) has extrinsically homogeneous holonomy bundle or not (Theorem 3.6).
In Section 4, we deal with the proof of Theorem 1.5. For a parallel isometric immersion f from
a simply connected irreducible symmetric space M into N , one can show that the associated totally
geodesic submanifold M¯ := exp(Tpf(TpM)) is either a (locally) irreducible symmetric space, too, or M¯
is a flat (Proposition 4.1). In the latter case, provided also that N is of compact or non-compact type,
we will show that even f(M) is contained in some flat of N (Theorem 4.2); for the proof of this result,
we will use the classification of parallel submanifolds in the Euclidian space given by D. Ferus [9, 10]. In
the first case, provided additionally that dim(M) ≥ 3 , we can show that a distinguished linear map h
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which encodes both the shape operator and the second fundamental form of f at p (see (4)) takes values
in the “extrinsic” holonomy Lie algebra of f (Theorem 4.14). With these preconsiderations, the proof of
Theorem 1.5 is not very difficult anymore (see Section 4.3).
Finally, in Sec. 5, we discuss “2-symmetry” of parallel submanifolds (see Theorem 5.4).
2 Some well known properties of parallel submanifolds of sym-
metric spaces
Let N be a symmetric space and f : M → N be a parallel isometric immersion. In the following, we
implicitly identify TpM with Tf(TpM) (by means of Tpf) for each p ∈ M ; for convenience, the reader
may assume that M ⊂ N is a submanifold and f = ιM . We introduce the first normal space ⊥1pf :=
{h(x, y)
∣∣x, y ∈ TpM}R and the second osculating space Opf := TpM ⊕ ⊥1pf for each p ∈ M . As p varies
over M , this defines the first normal bundle ⊥1f and the (second) osculating bundle Of = TM ⊕ ⊥1f
(where TM is seen as a vector subbundle of f∗TN by means of Tf) .
Let σ⊥ ∈ O(Opf) denote the linear reflection in ⊥1pf and Ad(σ⊥) : so(Opf)→ so(Opf), A 7→ σ⊥ ◦A ◦
σ⊥ be the induced involution on so(Opf) . Let so(Opf)+ and so(Opf)− denote the +1- and−1-eigenspaces
of Ad(σ⊥) , respectively, i.e.
so(Opf)+ :=
{(
A 0
0 B
)∣∣∣∣A ∈ so(W ), B ∈ so(⊥1pf
}
, (2)
so(Opf)− :=
{(
0 −C∗
C 0
)∣∣∣∣C ∈ Hom(W,⊥1p
}
. (3)
Then the following lemma is straightforward:
Lemma 2.1. (a) We have A ∈ so(Opf)+ if and only if A(TpM) ⊂ TpM .
(b) The map so(Opf)− → Hom(TpM,⊥pf), A 7→ A|TpM is a linear isomorphism.
Because of Lemma 2.1 (b), there exists a unique linear map h : TpM → so(Opf)− characterized by
∀x, y ∈W : h(x) y = h(x, y) . (4)
Then −h :W ×⊥1b→W plays the role of the shape operator, i.e.
∀x, y ∈ W, ξ ∈ ⊥1pf : 〈h(x)ξ, y〉 = −〈h(x, y), ξ〉 . (5)
In the following, we use the natural inclusion so(Opf) →֒ so(ToN) (o := f(p)) such that each A ∈
so(Opf) becomes the zero-map on Opf⊥ . Since f is parallel, now the curvature equations of Gauß,
Codazzi and Ricci can formally be combined to
RN (x, y)(z + ξ) = RM (x, y) z +R⊥(x, y) ξ + [h(x),h(y)](z + ξ) (6)
for all x, y, z ∈ TpM, ξ ∈ ⊥pM .
Proposition 2.2. For every parallel isometric immersion f : M → N into the symmetric space N , the
following properties hold:
(a) The tangent space TpM is a curvature invariant subspace of ToN (o := f(p)) .
(b) For arbitrary p ∈M , x, y ∈ TpM we have h(x)h(y)(TpM) ⊂ TpM and the following equation holds
on Opf :
RN(h(x, x), h(y, y)) =[h(x), [h(y), RN (x, y)]]−RN (h(x)h(y)x, y)
−RN(x,h(x)h(y) y) . (7)
(c) The first normal spaces ⊥1pf are curvature invariant subspaces of ToN , too.
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(d) The tensor of type (0, 4) on Of defined by R♭(v1, v2, v3, v4) := 〈RN (v1, v2) v3, v4〉 satisfies
4∑
i=1
R♭(v1, . . . ,h(x) vi, . . . , v4) = 0 (8)
for all v1, . . . , v4 ∈ Opf and each x ∈ TpM .
(e) The following two equations hold for all p ∈M and x, y, z, z′ ∈ TpM ,
R⊥(x, y)h(z, z′) = h(RM (x, y) z, z′) + h(z,RM (x, y) z′) , (9)
h(RN (x, y) z − [h(x),h(y)] z) = [RN(x, y) − [h(x),h(y)],h(z)] . (10)
(f) Of is a parallel vector subbundle of the pullback bundle f∗TN (where the latter is equipped with
the connection induced by ∇N ). Hence, we have RN (x, y)(Opf) ⊂ Opf and RN(x, y)|Opf is the
corresponding curvature endomorphism of Opf for all x, y ∈ TpM .
Proof. Part (a) follows from the Codazzi Equation. For (b) cf. [15, Proposition 3.12]. For (c) cf. [15,
Corollary 3.13]. For (d) see [15, Corollary 3.16]. For (9) see [15, Definition 1 and Proposition 2]. For (10),
note that both sides of this equation are elements of so(Opf)− . Thus by virtue of Lemma 2.1 it is enough
to verify that (10) holds on TpM . For this let y˜ ∈ TpM be given; then (6) combined with the fact that
h maps into so(Opf)− implies that
[RN (x, y)− [h(x),h(y)],h(z)] y˜ = R⊥(x, y)h(z) y˜ − h(z)RM (x, y) y˜ ;
now use Eqs. (4), (9) and again (6). Part (f) is an immediate consequence of the parallelity of h .
2.1 “Reduction of the codimension”
We recall the following result on the “reduction of the codimension” in the sense of Erbacher [6] (cf.
also [15, Theorem 2.4]):
Theorem 2.3 (Dombrowski). Let N be a symmetric space. If f : M → N is a parallel isometric
immersion and if for some point p ∈ M the second osculating space Opf = TpM ⊕ ⊥1pf is contained in
some curvature invariant subspace V of ToN (o := f(p)) , then f(M) ⊂ N¯ , where N¯ denotes the totally
geodesic submanifold expNo (V ) .
Let i(N) be the Lie algebra of I(N) and i(N) = k⊕ p be the Cartan decomposition with respect to the
base point p . For each X ∈ i(N) we have the one-parameter subgroup ψXt := exp(tX) of isometries on
N and the induced Killing vector field X∗ on N (see (70)). Furthermore, let π1 : i(N)→ so(TpN), X 7→
∇NX∗(p) and π2 : i(N)→ TpN,X 7→ X∗(p) be the canonical projections, see Appendix B.
Lemma 2.4. Let N be a symmetric space.
(a) Suppose that V is a linear subspace of TpN which is not contained in any proper curvature invariant
subspace of TpN . If Tpg|V = Id holds for some g ∈ K , then g = Id . Therefore, if π1(X)|V = 0 and
π2(X) = 0 , then X = 0 .
(b) Let G ⊂ I(N) be a connected Lie subgroup, g denote the Lie algebra of G and let M denote the orbit
= Gp . Then we have:
∀g ∈ G : g(TpM) = Tg(p)M . (11)
∀x, y ∈ TpM : Tpg h(x, y) = h(Tpg x, Tp y) . (12)
(c) In the situation of Part (b), suppose additionally that M is a full parallel submanifold.† Then G
acts effectively on M . In particular, if X∗|M = 0 holds for some X ∈ g , then X = 0 .
†The result remains true even if M is not parallel. But then one has to use a more general version of Theorem 2.3.
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Proof. For (a): If Tpg|V = Id holds for some g ∈ K , then V := { v ∈ TpN |Tpg v = v } is a curvature
invariant subspace with OpM ⊂ V . Thus Tpg = Id besides g(p) = p , and therefore we have g = Id since
the isotropy representation of K is faithful. If X ∈ k satisfies π1(X)|V = 0 and π2(X) = 0 , then X ∈ k
(see (78)) and ρ∗(X)|V = 0 (see Proposition B.1), hence TpψXt is the identity on V for each t ∈ R . Thus
ψXt = Id by the previous, i.e. X = 0 .
For (b): Since M is a G-orbit, (11) is straightforward and (12) is a consequence of the Gauß equation.
For (c): In this situation, the second osculating space V := OpM satisfies the hypothesis for Part (a)
(because of Theorem 2.3). Now assume that g ∈ G satisfies g|M = Id ; then Tpg|TpM = Id by means
of (11) . Thus, using also (12), even Tpg|OpM = Id and therefore g = Id as a consequence of Part (a).
Thus G acts effectively on M . Furthermore, if X ∈ g satisfies X∗|M = 0 , then ψXt is the identity on M
for each t ∈ R . Hence the previous implies that ψXt = Id for each t ∈ R , i.e. X = 0 .
3 Infinitesimal models
A well known result from [25] states that a complete parallel submanifold M ⊂ N is uniquely determined
by its 2-jet (TpM,hp) at one point p ∈ M . Conversely, let a point p ∈ N , a linear subspace W ⊂ TpN
and a symmetric bilinear map b : W ×W → W⊥ be given (in the following called a (formal) 2-jet at
p). The following question is somehow more delicate: Does there exist a parallel submanifold M ⊂ N
with extrinsically homogeneous holonomy bundle which passes through p and whose 2-jet at p is given by
(W, b) ?‡ If the ambient space is a symmetric space, then the answer will be given by Theorem 3.2 below.
Let I(N)0 denote the connected component of I(N) . The isotropy subgroup of I0(N) and the isotropy
representation at p are given by
K := { g ∈ I0(N) | g(p) = p } , (13)
ρ : K → SO(TpN), g 7→ Tpg . (14)
Then ρ is a faithful representation (because an isometry is determined by its value and differential at one
point). Let k be the Lie algebra of K and ρ∗ : k → so(TpN) be the induced representation called the
linearized isotropy representation, i.e.
∀X ∈ k, ∀u ∈ TpN : ρ∗(X) = d
dt
∣∣∣
t=0
Tp exp(tX)u . (15)
Given a 2-jet (W, b) at p , we introduce its “first normal space” ⊥1b := {b(x, y)
∣∣x, y ∈ W}R and the
associated “second osculating space” Ob := W ⊕ ⊥1b . Then the splitting so(Ob) = so(Ob)+ ⊕ so(Ob)−
and the linear map b :W → so(Ob)− are defined similar as in Section 2.
Definition 3.1. Let a symmetric space N , some p ∈ M and a 2-jet (W, b) at p be given. Motivated
by [3], we will call (W, b) an infinitesimal model if the following properties hold:
• W is a curvature invariant subspace of TpN , i.e. RN (W ×W )W ⊂W .
• Equation 10 holds, i.e.
b
(
RN (x, y) z − [b(x), b(y)] z) v = [RN(x, y)− [b(x), b(y)], b(z)] v (16)
for all x, y, z ∈W , v ∈ TpN .
• For each x ∈ W there exists some X ∈ k such that A := ρ∗(X) satisfies
A(Ob) ⊂ Ob and A|Ob = b(x) . (17)
Note that ρ∗(k) = so(TpN) if and only if N is a space form.
Theorem 3.2. In the situation of Definition 3.1, the 2-jet (W, b) is an infinitesimal model if and only if
there exists a parallel submanifold with extrinsically homogeneous holonomy bundle which passes through
p and whose 2-jet at p is given by (W, b) .
‡In [16], the analogous problem was solved for arbitrary parallel submanifolds.
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3.1 Proof for the “only if direction” of Theorem 3.2
Let M ⊂ N be a parallel submanifold with extrinsically homogeneous holonomy bundle which passes
through p such that (W, b) = (TpM,hp) . Then W is a curvature invariant subspace of TpN , according
to Proposition 2.2, and (16) holds by means of (10). It remains to establish the existence of a solution
to (17). To this end, let G ⊂ I(N) be a connected Lie subgroup which has the properties described in
Definition 1.3 and let g denote its Lie algebra. Again, let π1 : i(N) → so(TpN) and π2 : i(N) → TpN
denote the canonical projections (see Section 2.1).
We set
m0 := {X ∈ g |x := π2(X) ∈ TpM and A := π1(X) solves (17) } . (18)
Let x ∈ TpM be given. We claim that there exists some X ∈ m0 with π2(X) = x :
First, we assume additionally that M is full in N . Then Lemma 2.4 (c) in combination with Defini-
tion 1.3 shows that we can apply Proposition A.3; thus there exists a reductive complement m ⊂ g such
that ∇M is the corresponding canonical connection on TM . In particular, there exists some X ∈ m with
x = π2(X) . In order to show that X ∈ m0 holds , let γ be the geodesic of M with γ˙(0) = x . Following
Example A.2, we have
γ(t) = exp(tX)(p) and ∀y ∈ TpM : (
t
‖
0
γ )M y = Tp exp(tX) y . (19)
From (19) and (73) it follows that
∀y ∈ TpM : ∇My (X |M ) = 0 . (20)
Thus, on the one hand, the Gauß equation yields that
π1(X)|TpM = h(x, ·) ∈ Hom(TpM,⊥1pM) . (21)
On the other hand, if x1, . . . , xk is a basis of TpM , then, according to (19), the sections Tp exp(tX)xi
define a parallel frame of TM along γ ; hence by ξi,j(t) := h(xi(t), xj(t)) are also defined parallel sections
of ⊥M along γ (since M is a parallel submanifold). Using Lemma 2.4 (b) (with g := ψt := exp(tX)) , we
obtain that
Tpψt h(xi, xj) = h(Tpψt xi, Tpψt xj) = ξi,j(t) ,
thus
π1(X) ξi,j
(73)
=
∇N
dt
∣∣∣
t=0
ξi,j(t) = −Sξi,j x ∈ TpM . (22)
Since the vectors h(xi, xj) span ⊥1pM , (4), (5), (21), (22) imply that X ∈ m0 holds. The result follows.
Second, we consider the general case. Let M¯ be a totally geodesic submanifold of N which contains
M such that M¯ is minimal with this property (among all totally geodesic submanifolds of N). Clearly,
then M is a full parallel submanifold of M¯ whose 2-jet at p is given by (W, b) , too; in particular, we have
Ob ⊂ TpM¯ . Furthermore, M¯ is uniquely determined; in fact, M¯ is necessarily the connected component
of the intersection of all the totally geodesic submanifolds of N which contain M . Therefore, G leaves
also M¯ invariant and thus M has extrinsically homogeneous holonomy bundle also in M¯ . Even more, the
Lie subgroup G¯ ⊂ I(M¯) which is obtained as the image of the restriction map G → I(M¯) , g 7→ g|M¯ has
the properties described in Def. 1.3 (now for ambient space M¯). This reduces our claim to the first case.
Finally, we decompose X as Y + Z ∈ k ⊕ p and we recall that π1(X) = ρ∗(Y ) holds (see (79) and
Proposition B.1). Thus (18) implies that A := ρ∗(Y ) solves (17) .
3.2 An extrinsic analogue of the Nomizu construction for parallel submani-
folds with extrinsically homogeneous holonomy bundle
At the end of this section, we will give the proof for the “if-direction” of Theorem 3.2. Let N be a
symmetric space and let an infinitesimal model (W, b) at p be given. Using similar ideas as presented
in [3, p. 318], we will now associate a Lie subalgebra g ⊂ i(N) with the infinitesimal model. This can
be seen as an “extrinsic analogue of the Nomizu construction” (cited from [3, p. 315]) - but now for for
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parallel submanifolds with extrinsically homogeneous holonomy bundle in arbitrary ambient symmetric
spaces.
Motivated by (18), we define a subspace of i(N) via
m := {X ∈ i(N) |x := π2(X) ∈W and A := π1(X) solves (17) } . (23)
Lemma 3.3. Let N be a symmetric space, (W, b) be an infinitesimal model at p and m be the linear space
defined by (23). We have
[m,m] ⊂ k , (24)
[[m,m],m] ⊂ m . (25)
Proof. We equip TpN⊕ρ∗(k) with a Lie bracket according to (74)-(76). Then by i(N)→ ρ∗(k)⊕TpN , X 7→
(π1(X), π2(X)) is given an isomorphism of Z2-graded Lie algebras, cf. Lemma B.2. In the following, we
replace i(N) by this “alternate model”; then k ⊕ p = ρ∗(k) ⊕ TpN and π1 , π2 are simply the canonical
projections onto the first and second factor , respectively.
For (24): Let (A, x) and (B, y) be arbitrary elements of m . Then the symmetry of b implies that
[x,B]
(75)
= −B x (23)= −b(y)x = −b(y, x) = −b(x, y) = −[A, y] ;
hence, according to (74) and (76), (24) holds and, moreover,
[(A, x), (B, y)](Ob) ⊂ Ob , (26)
[(A, x), (B, y)]|Ob = −RN (x, y) + [b(x), b(y)] . (27)
Then (25) follows from (16), (23), (26) and (27).
Using the previous lemma and the Jacobi identity, we obtain that the linear space g := [m,m] + m is
even a Lie subalgebra of i(N) . Let G denote the connected Lie subgroup of I(N) whose Lie algebra is g .
Furthermore, consider the orbit M := Gp .
Lemma 3.4. In the situation of Lemma 3.3, the 2-jet of M at p is given by (W, b) .
Proof. We note that
TpM = π2(g)
(23)⊂ W
where the last inclusion is actually an equality since (W, b) is an infinitesimal model. To see that b = hp
holds, we observe that every X ∈ m induces a Killing vector field on N which is tangent to M . The Gauß
equation yields
∀y ∈ TpM : h(y, π2(X)) = (π1(X) y)⊥ (4),(23)= b(π2(X), y) = b(y, π2(X)) .
The result follows, since π2|m is onto W .
Proof for the “if-direction” of Theorem 3.2 Let an infinitesimal model (W, b) be given. First,
we assume that Ob is not contained in any proper curvature invariant subspace of TpN .
Hence we may define a subspace m ⊂ i(N) according to (23). Then g := [m,m] ⊕ m is a subalgebra
of i(N) and the orbit M := Gp of the corresponding connected Lie subgroup of I(N) is a parallel
submanifold of N whose 2-jet at p is given by (W, b) (see Lemma 3.3 and 3.4). Let us see that M is a
parallel submanifold with extrinsically homogeneous holonomy bundle - even more: The group G itself
has the properties described in Def. 1.3:
First, we also assume that Ob is not contained in any proper curvature invariant subspace of TpN .
Under this assumption, we claim that m is a reductive complement in g (see Appendix A):
¿From Lemma 2.4 (a) we see that π2|m is injective (here we use that Ob is not contained in any proper
curvature invariant subspace of TpN) and thus π2|m is actually an isomorphism onto TpM . Let H denote
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the isotropy subgroup in G at p and ρ : K → SO(TpN) denote the isotropy representation. Then we have
the well known relation
π2(Ad(g)X) = Tpg π2(X) and π1(Ad(g)X) = Ad(Tpg)π1(X) (28)
for each X ∈ i(N) and g ∈ K . Since the 2-jet of M at p is given by (W, b) , we now conclude
from (11), (12), (23) and (28) that Ad(g)m ⊂ m holds for each g ∈ H . The claim follows.
As explained in Appendix A, TN |M is a homogenous vector bundle over M and the reductive com-
plement m induces a canonical connection ∇c on TN |M . Since the second fundamental form of M is a
∇c -parallel section of Sym2(TM,⊥M) according to Part (b) of Lemma A.5, the parallelity of M will be
established by showing that
∇c coincides with ∇M ⊕∇⊥ on OM . (29)
Furthermore, as a consequence of (66), (29) also implies that G satisfies Def. 1.3. Moreover, ∆ :=
∇M⊕∇⊥−∇c is a∇c-parallel section of Hom(TM,End(TN |M )) andOM is a∇c-parallel vector subbundle
of TN |M , too, in accordance with Lemma A.5; thus for the compliance of (29) it suffices to show that
∆(x) v = 0 for each x ∈ TpM and v ∈ OpM :
To this end, let Γˆ : TpM → m be the inverse of π2|m and consider the curve γ : R → M,γ(t) :=
exp(t Γˆ(x))(p) ; note that γ˙(0) = x according to (23). Furthermore, by y(t) := Tp exp(t Γˆ(x)) y and
ξ(t) := Tp exp(t Γˆ(x)) ξ there are defined ∇c-parallel sections of TM and ⊥1M along γ , respectively, for
all y ∈ TpM and ξ ∈ ⊥1pM (see (67)). Thus we have
∆(x) y =
(∇⊤
∂t
− ∇
c
∂t
)∣∣∣
t=0
y(t) =
∇⊤
∂t
∣∣∣
t=0
y(t) = (
∇N
∂t
∣∣∣
t=0
y(t))⊤
(73)
= (π1(Γˆ(x)) y)⊤ (23)= (b(x) y)⊤ (3)= 0 ,
and for similar reasons ∆(x) ξ = 0 (see (5)) . Thus (29) is established.
Second, we consider the general case. Let V be the intersection of all the curvature invariant subspaces
of TpN which contain Ob . Then V is curvature invariant; hence M¯ := exp(V ) is a totally geodesic
submanifold of N . Then (W, b) is an infinitesimal model for M¯ , too; moreover, Ob is not contained in
any proper curvature invariant subspace of TpM¯ . Now we claim that g(M¯) = M¯ holds for every g ∈ G :
Equation 23 shows that π2(X) ∈ V and π1(X)(V ) ⊂ V for every X ∈ m ; therefore, and since M¯
is totally geodesic in N , we even have X∗(M¯) ⊂ TM¯ and X∗|M¯ ∈ m¯ . Since G is connected and
g = [m,m]⊕m holds, our claim now follows.
ThusG→ I(M¯), g 7→ g|M¯ defines a Lie group homomorphism onto a connected Lie subgroup G¯ ⊂ I(M¯)
such that the induced Lie algebra homomorphism maps m onto the subspace m¯ ⊂ i(M¯) which is defined
on the analogy of (23). Then [m¯, m¯] ⊕ m¯ is the Lie algebra of G¯ and M = G¯ p . Applying the first case,
we now see that M is a parallel submanifold of M¯ and G¯ has the properties described in Def. 1.3 (for
ambient space M¯). Thus M is a parallel submanifold of N , too, (since M¯ is totally geodesic in N) and
G has the properties described in Def. 1.3. This finishes the proof.
3.3 On the existence of non-symmetric full parallel submanifolds
Theorem 3.5. Let symmetric spaces N and N˜ with base points p ∈ M and o ∈ M˜ be given. Let
i(N) = k ⊕ p and ρ∗ : k → so(ToN) denote the corresponding Cartan decomposition and the linearized
isotropy representation of N , respectively (similarly for N˜). Suppose that there exists a full symmetric
submanifold M˜ ⊂ N˜ through o and some proper linear subspace V ⊂ TpN which is not contained in
any proper curvature invariant subspace of TpN , a linear isometry F : ToN˜ → V and a Lie algebra
homomorphism Fˆ : k˜→ k such that
∀x, y ∈ ToM˜, v ∈ TpN˜ : F (RN˜ (x, y) v) = RN(F x, F y)(F v) , (30)
∀X ∈ k˜, v ∈ ToN˜ : F (ρ˜∗(X) v) = ρ∗(Fˆ (X))(F v) . (31)
Then there exists a full parallel submanifold M ⊂ N with extrinsically homogeneous holonomy bundle
which is not extrinsically symmetric in N . More precisely, the 2-jet of M at p is given by (W, b) ,
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where W denotes the linear space F (ToM˜) and b : W ×W → W⊥ is the bilinear map characterized by
b(F x, F y) = F (hM˜ (x, y)) for all x, y ∈ ToM˜ .
One can show that every full extrinsically homogeneous circle is induced by a symmetric submanifold
S1(r) ⊂ R2 (r > 0) as described in Theorem 3.5; but it is not clear whether there are more examples.
Proof. We claim that (W, b) is an infinitesimal model in N in the sense of Definition 3.1:
Because ToM˜ is curvature invariant, (30) implies that W is curvature invariant, too; moreover the
symmetry of hM˜o implies by means of (30) that b is symmetric, and for the same reason (16) holds, too.
Since M˜ is extrinsically symmetric in N˜ , for every x˜ ∈ ToM˜ there exists some X˜ ∈ k˜ with ρ˜∗(X˜) = h˜(x˜)
(cf. [7, Theorem 4]) ; then by means of (31), x := F (x˜) together with A := ρ∗(Fˆ (X˜)) gives a solution
to (17). Thus Theorem 3.2 exhibits the existence of a parallel submanifold M ⊂ N with extrinsically
homogeneous holonomy bundle such that p ∈M , TpM = W and hp = b . Then M is full in N because of
Theorem 2.3 (since V is not contained in any proper curvature invariant subspace of TpN). On the other
hand, every full symmetric submanifold of N is even 1-full according to [15, Theorem 3.2], hence M is
not extrinsically symmetric in N (since V is strictly contained in TpN).
3.4 A characterization of extrinsic homogeneity
The following theorem seems to be new, although weaker results are well known§:
Theorem 3.6. Let a parallel isometric immersion f from a simply connected symmetric space M into
the symmetric space N be given. Let p ∈ M be some point and (W, b) := (TpM,hp) be the 2-jet of M at
p . Then the following two assertions are equivalent:
(a) f(M) is a submanifold with extrinsically homogeneous holonomy bundle.
(b) For each x ∈ TpM there exists some X ∈ k such that A := ρ∗(X) satisfies (17).
If any of these assertions holds, then f(M) is a parallel submanifold of N and f : M → f(M) is a
Riemannian covering.
Proof. “(a)⇒ (b)”: If (a) holds, then f :M → f(M) is necessarily a Riemannian covering:
In fact, the induced map f : M → f(M) is differentiable (since f(M) is quasi-regular, hence this
map is necessarily a local isometry (by Sard’s theorem), i.e. it is a Riemannian covering (because M
is complete). In particular, then f(M) is a parallel submanifold of N ; hence our result follows from
Theorem 3.2 .
For “(b) ⇒ (a)”: Consider the 2-jet of f at p , given by (W, b) := (TpM,hp) . In order to apply
Theorem 3.2, we make the following observations:
• TpM is a curvature invariant subspace of Tf(p)N according to Proposition 2.2 .
• (16) holds because of (10).
• By assumption, for each x ∈ TpM there exists X ∈ k such that (17) holds.
Thus (W, b) is an infinitesimal model, hence Theorem 3.2 exhibits the existence of a parallel submanifold
M˜ with extrinsically homogeneous holonomy bundle through f(p) whose 2-jet at f(p) is given by (W, b) .
We claim that f(M) = M˜ holds:
First note that both M and M˜ are complete Riemannian manifolds. Let γ : R→M be a geodesic line
ofM through p , parameterized by arc length, and consider the curve c := f ◦γ : R→ N . According to [25]
or [16, p. 8-14], there exists an orthonormal frame e1, . . . er along c and positive numbers κ1, . . . , κr−1
such that the “Frenet equations”
∇Nei = −κi−1 ei−1 + κi ei+1
with e1 = c˙ hold for i = 1, . . . , r (here we set κ0 := κr := 0 and e0 := er+1 := 0). Furthermore, the
coefficients κi and the orthonormal frame e1, . . . , er are uniquely determined by b and the velocity vector
c˙(0) . Ditto for the geodesic lines of M˜ through f(p) . Because f and M˜ have the same 2-jet at p and
f(p) , respectively, we now see that f ◦ expM |TpM = ιM˜ ◦ expM˜ |Tf(p)M˜ holds . The result follows.
§For a weaker version of “(a)⇒ (b)” see [7, Theorem 3] . For a symmetric submanifold “(b)⇒ (a)” follows from [7, Theo-
rem 4] . For a circle (i.e. M ∼= R), Theorem 3.6 can easily be derived from [21, Corollary 1.4] combined with Example 1.4 of
this article.
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3.5 Proof of Example 1.9
Set N := CP1×CP1 and let p := ((1 : 0), (1 : 0)) ; then TpN ∼= C2 . Fix mutually orthogonal unit vectors
x = (x1, x2) and y = (y1, y2) in C
2 . Let κ be a positive constant and let c : R→ N be the unique solution
to the ordinary differential equation
∇N∂∇N∂ c˙(t) = −κ2c˙(t) with c(0) = p, c˙(0) = x and ∇N∂ c˙(0) = κ y .
Then c is a circle of curvature κ (see [21, p. 1]) and the linear span V := {x, y}R is the second osculating
space of c at 0 .
Let J denote the standard complex structure of C2 and set i :=
√−1 ; then J˜ := diag(i,−i) (diagonal
matrix) defines a second complex structure on C2 . Suppose that V has the following properties:
• The canonical projections C2 → C onto the first and second factor, respectively, both induce iso-
morphisms V → C .
• V is neither a complex nor a totally real subspace of C2 (with respect to J) .
• V is not J˜-invariant.
Note that the subset of the Grassmannian of 2-planes in C2 with these properties is open and dense; thus
our conditions are “generic”.
We claim that c is full: By contradiction, suppose that there exists a proper totally geodesic subman-
ifold M with c(R) ⊂ M ; thus TpM is a curvature invariant subspace of TpN whose dimension is two or
three. W.l.o.g., we may assume that M is maximal in N with this property, and hence TpM is a maximal
proper curvature invariant subspace of TpN with V ⊂ TpM . It is well known that N is holomorphically
isometric to the complex hypersurface Q2(C) := { [z0 : · · · : z3] ∈ CP3 | z20 + · · · z23 = 0 } of CP3 , usually
called the (2-dimensional) “complex quadric”.¶ Using the classification of totally geodesic submanifolds
of the complex quadric (see [19, Theorem 4.1 and Sec. 5]), we thus infer that M is necessarily of the
following “type”:
• “Type (G3)”: Then there exists a totally geodesic embedding S1 →֒ CP1 and either M ∼= CP1 × S1
or M ∼= S1 ×CP1 such that the product structure of M is compatible with the product structure of
N .
• “Type (P1, 2)”: Then dim(M) = 2 and M is a totally real submanifold .
• “Type (P2)”: Then dim(M) = 2 and M is a complex submanifold .
Now we see: If M is of Type (G3), then one of the canonical projections from V to C is not surjective,
which is contrary to our assumptions. If M is of Type (P1, 2) or (P2) , then V is a complex or a totally
real subspace of C2 , a contradiction again. Thus c is full.
We also claim that Assertion (b) of Theorem 3.6 is not valid here, i.e. c(R) is not a homogeneous
submanifold of N :
Suppose, by contradiction, that there exists some A ∈ k such that linear map A := ρ∗(X) satisfies
A(V ) ⊂ V and A|V = b(x) . Clearly, k ∼= u(1) ⊕ u(1) and ρ∗ is given canonically; hence there exists
Ai ∈ u(1) for i = 1, 2 such that A = A1 ⊕ A2 . Then there exist real numbers µi such that Ai is given
by multiplication with iµi for i = 1, 2 . Then either µ1 = ±µ2 and hence A1 = ±A2 holds (but then V
would be complex or J˜-invariant, which is not possible) or the set {±µ1,±µ2} has cardinality equal to 4.
In the latter case, no proper A-invariant subspaces of C2 besides its two product factors exist (not even
over the real numbers). Since V is A-invariant, V would therefore be one of the product factors, which is
contrary to our assumptions.
4 Geometry of irreducible parallel submanifolds
Let N be a symmetric space, M be a simply connected symmetric space and f : M → N be a parallel
isometric immersion. In the following, again we implicitly identify TpM ∼= Tf(TpM) ; for convenience,
¶In fact, the “Segre embedding” CP1 × CP1 → CP3 is onto Q2(C) .
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the reader may assume that M ⊂ N is a submanifold and f = ιM . According to Proposition 2.2, TpM
is even a curvature invariant subspace of Tf(p)N . Hence, by virtue of a result due to E. Cartan,
M¯ := expN (TpM) ⊂ N (32)
is a totally geodesic submanifold of N (where expN : ToN → N denotes the exponential spray).
Let p ∈ M be a “base point” and hol(M) , hol(M¯) and hol(N) denote the holonomy Lie algebras of
M , M¯ and N , respectively. Since M¯ is totally geodesic, the curvature tensor of M¯ at p is given by
RN |TpM×TpM×TpM . Moreover, the curvature tensors of M , M¯ and N are parallel, respectively; thus the
Theorem of Ambrose/Singer implies that
hol(M) = {RM (x, y)∣∣x, y ∈ TpM}R ⊂ so(TpM) , (33)
hol(N) = {RN(u, v)
∣∣u, v ∈ Tf(p)N}R ⊂ so(Tf(p)N) , (34)
hol(M¯) = {RN(x, y)|TpM
∣∣x, y ∈ TpM}R ⊂ so(TpM) . (35)
The following result is a consequence of [26, Theorem 2.4]:
Proposition 4.1 (K. Tsukada [26]). Let N be a symmetric space, M be a simply connected symmetric
space and f : M → N be a parallel isometric immersion. Suppose additionally that M is irreducible and
that dim(M) ≥ 2 . Then there are exactly the following two possibilities:
• Either hol(M¯) acts irreducibly on TpM (i.e. the totally geodesic submanifold M¯ defined in (32) is a
flat),
• or hol(M¯) acts irreducibly on TpM (i.e. M¯ is a locally irreducible symmetric space‖).
Since the rest of this article is based on this proposition, let me briefly outline its proof:
Proof. First, let TpM =©ki=0Wi be a decomposition into linear subspaces such that W0 is the maximal
subspace on which hol(M¯) acts trivially and Wi is an irreducible hol(M¯)-module for i ≥ 1 . By virtue of
the “de Rham Decomposition Theorem” (see [1, p. 290]), the linear spaces Wi are uniquely determined
up to a permutation of the index set {1, . . . , k} .
Second, we use Proposition 2.2 (a) to define a tensor field R˜ of type (1, 3) on M , via
∀p ∈M,x, y, z ∈ TpM : R˜(x, y) z := RN (x, y) z .
It is well known that R˜ is a parallel tensor field (see [26, Lemma 2.3]).
Using the parallelity of R˜ and the uniqueness of the linear spacesWi , now one can show that gt(Wi) =
Wi holds for every curve gt into the Holonomy Lie group ofM and each i ; i.e. Wi is also hol(M)-invariant.
Since TpM is an irreducible hol(M)-module (again because of de Rhams Theorem), we hence conclude
that either TpM = W0 or TpM = W1 holds. In the first case, M¯ is a flat; in the second case, M¯ is a locally
irreducible Riemannian space. Since dim(M) ≥ 2 , the two possibilities also exclude each other.
4.1 The case that M¯ is a flat
In this section, we will establish the following theorem:
Theorem 4.2. Let a parallel isometric immersion f from a simply connected irreducible symmetric space
M into a symmetric space N of compact or non-compact type be given. Suppose additionally that the
totally geodesic submanifold M¯ defined by (32) is a flat. Then even f(M) is contained in some flat of N .
Let N be a symmetric space and let Γ : TpN → p be the inverse of the canonical isomorphism
p→ TpN .
Proposition 4.3. Let N be a symmetric space of compact or non-compact type and let a linear subspace
W ⊂ TpN be given. The following is equivalent:
(a) W is a curvature isotropic subspace of TpN .
‖It is known that a symmetric space is locally irreducible if and only if its universal covering space is irreducible.
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(b) [Γ(u),Γ(v)] = 0 for all u, v ∈W .
(c) expN (W ) is a flat.
(d) The sectional curvature of N vanishes on every 2-plane of W , i.e. 〈RN (u, v) v, u〉 = 0 for all
u, v ∈W .
Proof. (a) ⇔ (b) is an immediate consequence of Lemma B.2 . For (b) ⇔ (c) cf. [14, Ch. V, Proposi-
tion 6.1]. (c) ⇒ (d) is obvious. Let me give a proof for (d) ⇒ (b) in case N is irreducible : Via the
canonical isomorphism p→ TpN , the metric is given at p by a multiple c 6= 0 of the Killing form B of i(N)
restricted to p ; where without loss of generality we may assume that c ∈ {−1, 1} . Let two orthonormal
vectors u, v ∈ TpN be given and denote by κu,v the sectional curvature of the 2-plane spanned by {u, v} .
Then, according to [14, Ch. V, § 3, Equation 2],
κu,v = cB([Γ(u),Γ(v)], [Γ(u),Γ(v)]) ;
hence κu,v = 0 forces [Γ(u),Γ(v)] = 0 by means of the (positive or negative) definiteness of B . (d)⇒ (b)
immediately follows. For the general case, cf. [14, Ch. V, § 3], and use (1) there instead of (2).
Lemma 4.4. Let f :M → N be a parallel isometric immersion and suppose that N is a symmetric space
of compact or non-compact type. If the totally geodesic submanifold M¯ (32) is a flat, then TpM and ⊥1pf
both are curvature isotropic subspaces of TpN .
Proof. For TpM use Proposition 4.3. For ⊥1pf , let ξ, η ∈ ⊥1pf be given. According to Proposition 4.3, it
suffices to show that 〈RN (ξ, η) η, ξ〉 = 0 :
Without loss of generality, we may assume that there exist x, y ∈ TpM with ξ = h(x, x) , η = h(y, y)
(since h is a symmetric bilinear map). Since TpM is curvature isotropic, and because h(x)h(y) (TpM) ⊂
TpM holds , r.h.s. of (7) vanishes on Opf ; and so RN(ξ, η) vanishes on Opf , too , according to Proposi-
tion 2.2 (b) . In particular, 〈RN (ξ, η) η, ξ〉 = 0 .
For each subspace V ⊂ so(Opf) we introduce its centralizer in so(Opf) ,
c(V ) := {A ∈ so(Opf) | ∀B ∈ V : A ◦B = B ◦A } . (36)
Proposition 4.5. Let f be a parallel isometric immersion from a simply connected irreducible symmet-
ric space M into the symmetric space N . If the totally geodesic submanifold M¯ (32) is a flat, then
c(h(TpM)) ∩ so(Opf)− = {0} .
However, the proof of Proposition 4.5 has to be postponed until the end of this section.
Proposition 4.6. Let f be a parallel isometric immersion from a simply connected, irreducible symmetric
space M into the symmetric space N of compact or non-compact type. If the totally geodesic submanifold
M¯ (32) is a flat, then the second osculating space Opf is a curvature isotropic subspace of Tf(p)N .
Proof. By virtue of Proposition 4.3, it is enough to show that 〈RN (v1, v2) v3, v4〉 = 0 for all v1, v2, v3, v4 ∈
Opf . Furthermore, according to Lemma 4.4, we have 〈RN (x, y)u, v〉 = 0 and 〈RN (ξ, η)u, v〉 = 0 for all
x, y ∈ TpM , ξ, η ∈ ⊥1pf and u, v ∈ Opf ; and hence it remains to prove that 〈RN (x, ξ)u, v〉 = 0 for all
x ∈ TpM , ξ ∈ ⊥1pf and u, v ∈ Opf . To this end, let x ∈ TpM and ξ ∈ ⊥1pf be arbitrary, but fixed, and
A ∈ so(Opf) be the linear map characterized by
∀u, v ∈ Opf : 〈Au, v〉 = 〈RN (x, ξ)u, v〉 .
We claim that A belongs to c(h(TpM)) ∩ so(Opf)− :
In fact, using the symmetries of RN , we have
∀x′, y′ ∈ TpM : 〈Ax′, y′〉 = 〈RN (x, ξ)x′, y′〉 = 〈RN (x′, y′)x, ξ〉 = 0 ;
and furthermore, using similar arguments, 〈Aξ′, η′〉 = 0 for all ξ′, η′ ∈ ⊥1pf . Hence A ∈ so(Opf)− , in
accordance with (2) . Moreover, by means of (8), we have for all u, v ∈ Opf, y ∈ TpM :
〈[h(y), A]u, v〉 = −〈RN (x, ξ)u,h(y) v〉 − 〈RN (x, ξ)h(y)u, v〉
(8)
= 〈RN (h(x, y), ξ)u, v〉 − 〈RN (x, Sξ y)u, v〉 = 0
(because (h(x, y), ξ) ∈ ⊥1pf × ⊥1pf and (x, Sξ y) ∈ TpM × TpM) . Thus A ∈ c(h(TpM)) ∩ so(Opf)− , and
therefore, according to Proposition 4.5, A = 0 ; the result follows.
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Proof of Theorem 4.2 Set N¯ := exp(Opf) ; then N¯ is a flat, as a consequence of Proposition 4.6
and Proposition 4.3 . Furthermore, f(M) is contained in N¯ , by virtue of Theorem 2.3 .
Now we come to the proof of Proposition 4.5.
Lemma 4.7. In the situation of Proposition 4.5, there exists a complete full parallel submanifold M˜ ⊂ Opf
with 0 ∈ M˜ , T0M˜ = TpM and h˜0 = hp : TpM × TpM → ⊥1pf . Moreover, M˜ is a locally irreducible
symmetric space.
Proof. We consider the Euclidian vector space V := Opf and the 2-jet which is given by (W := TpM, b :=
hp) . Since TpM is a curvature isotropic subspace of Tf(p)N , we have by virtue of (10)
∀x, y, z ∈W, v ∈ V : h([h(x),h(y)] z) v = [[h(x),h(y)],h(z)] v . (37)
Therefore, (W, b) is an infinitesimal model in V (since V is a Euclidian space) and hence, according to
Theorem 3.2, there exists a parallel submanifold M˜ ⊂ V through 0 whose 2-jet at 0 is given by (W, b) ; in
particular, M˜ is a symmetric space. Using the equation of Gauß , we notice that RM (x, y) z = RM˜ (x, y) z
(since TpM is curvature isotropic in N) , i.e. hol(M˜) = hol(M) and hence M˜ is locally irreducible (since
M has this property, see Footnote ‖).
Motivated by the last lemma, we will now study properties of the second fundamental form of an
(intrinsically) irreducible full parallel submanifold M˜ of the Euclidian space E .
Let N˜ be a simply connected irreducible symmetric space of compact type whose isotropy subgroup
at p˜ is denoted by K˜ and whose Cartan decomposition is given by i(N˜) = k˜⊕ p˜ . Let B˜ denote the Killing
form of i(N˜) ; then, since i(N˜) is a compact, semisimple Lie algebra (cf. [14, Ch. V, § 1]), B˜ is a negative
definite, invariant form (cf. [14, Ch. II, § 6]). Thus p˜ is a Euclidian vector space by means of the positive
definite symmetric bilinear form −B˜|p˜×p˜ . Let Ad and ad denote the adjoint representations of I(N˜) and
i(N˜ ) , respectively. Then Ad induces a faithful orthogonal representation of K on p , by restriction; the
corresponding infinitesimal action is given by adp˜ : k→ so(p), X 7→ ad(X)|p .
Definition 4.8 (see [1, Example 3.7]). In the situation described above, suppose that there exists some
X ∈ p˜ with ad(X)3 = −ad(X) and X 6= 0 . Then Ad(K˜)X ⊂ p˜ is called a (standard embedded) irreducible
symmetric R-space.
It is well known that every irreducible symmetric R-space Ad(K˜)X is a full symmetric submanifold
of p˜ . In particular, Ad(K˜)X is a parallel submanifold which is intrinsically a symmetric space; however,
Ad(K˜)X is not necessarily a (locally) irreducible symmetric space; this can be seen from Example 4.15.
Conversely, as a consequence of [1, Theorem 3.7.8] we have:
Theorem 4.9 (Ferus). For every full complete (intrinsically) locally irreducible parallel submanifold M˜
of a Euclidian space E there exists a simply connected irreducible symmetric space N˜ of compact type
which admits a standard embedded irreducible symmetric R-space Ad(K˜)X and (after scaling the metric
on V by a positive factor) an isometry F : E → p˜ such that F (M˜) = Ad(K˜)X .
Clearly, for every irreducible symmetric R-space M˜ := Ad(K˜)X ⊂ p˜ we obtain the decomposition
p˜ = p˜− ⊕ p˜+ := TXM˜ ⊕ ⊥XM˜ and the induced decomposition so(p˜) = so(p˜)+ ⊕ so(p˜)− (see Eqs. (2)
and (3)). Furthermore, let ad(Z)p˜ := ad(Z)|p˜ : p˜ → p˜ denote the induced endomorphism of p˜ for each
Z ∈ k˜ . In this situation, we have:
Lemma 4.10. Let Ad(K˜)X ⊂ p˜ be an irreducible symmetric R-space.
(a) There exist a decomposition
k˜ = k˜+ ⊕ k˜− such that (38)
adp˜(˜k+) ⊂ so(p˜)+ and adp˜(˜k−) ⊂ so(p˜)− . (39)
(b) We have adp˜(˜k−) = h˜(TXM˜) and adp˜(˜k+) = [h˜(TXM˜), h˜(TXM˜)] (where the latter denotes the
corresponding commutator ideal).
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(c) Let h˜ denote the second fundamental form of M˜ at X and h˜ : p˜− → so(p˜)− be the 1-form associated
therewith according to (4). If some A ∈ so(p˜) satisfies [A, h˜(p˜−)] ⊂ h˜(p˜−) , then A ∈ adp˜(˜k) .
Proof. For Part (a) see [15, Propositions A.2 and B.2 (a)]. For Parts (b) and (c) use [15, Propositions
B.2 (c) and (d)], respectively.
Let c˜ denote the center of k˜ .
Corollary 4.11. Let Ad(K˜)X ⊂ p˜ be an irreducible symmetric R-space, h˜ be its second fundamental
form at X and h˜ : p˜− → so(p˜)− be the corresponding 1-form (see (4)). If some A ∈ so(p˜) satisfies
[A, h˜(TXM˜)] = {0} , then there exists some X ∈ c˜ with adp˜(X) = A . If additionally A ∈ so(p˜)− , then
X ∈ c˜ ∩ k˜− .
Proof. Using Lemma 4.10 (a) and (b), we see that any such A necessarily commutes with adp˜(X) even
for all X ∈ k˜ . Furthermore, there exists some Y ∈ k with A = adp˜(Y ) according to Lemma 4.10 (c).
Thus Y ∈ c˜ , since adp˜ is a faithful representation (in fact, adp˜ is equivalent to the linearized isotropy
representation (cf. [15, Lemma B.1])). The last assertion follows from (39).
Lemma 4.12. Suppose that M˜ ⊂ p˜ is a standard embedded irreducible symmetric R-space which is
(intrinsically) a locally irreducible symmetric space. Then c˜ ∩ k˜− = {0} .
Proof. Let o˜ denote the orthogonal complement of c˜ ∩ k˜− in k˜− with respect to B˜ , and consider the
following two orthogonal symmetric Lie algebras:
• k˜0⊕ o˜ (which corresponds to a simply connected symmetric space of compact type whose dimension
is equal to the dimension of o˜), and
• c˜∩ k˜− (which corresponds to a Euclidian space whose dimension is equal to the dimension of c˜∩ k˜−)
This is a decomposition of the orthogonal symmetric Lie algebra k˜ (see (38)) into ideals as described
in [14, Ch. V, Theorem 1.1]; hence, the universal covering space of M˜ splits off a Euclidian factor whose
dimension is equal to the dimension of c˜ ∩ k˜− as described in the proof of [14, Ch. V, Proposition 4.2]
(i.e. we apply the “deRham decomposition theorem” to the universal covering space of M˜). Therefore,
c˜ ∩ k˜− = {0} , since M˜ is locally irreducible.
Proof of Proposition 4.5 By means of Lemma 4.7, it suffices to show that c(h˜(TpM)) ∩ so(V )− =
{0} holds where h˜ is the 1-form which is associated with the second fundamental form of a full intrinsically
irreducible complete parallel submanifold of some Euclidian space V . Furthermore, by the strength of
Theorem 4.9, we can assume that V = p˜ and M˜ is a standard embedded irreducible symmetric R-space.
Now Proposition 4.5 is a consequence of Corollary 4.11 in combination with Lemma 4.12.
4.2 The case that M¯ is locally irreducible
Given a parallel isometric immersion f :M → N into some symmetric space, the second osculating bundle
Of is a parallel vector subbundle of f∗TN (see Proposition 2.2); hence ∇N defines a linear connection
on Of (through restriction).
Definition 4.13. Given a fixed point p ∈M , let hol(Of) ⊂ so(Opf) denote the holonomy Lie algebra of
Of with respect to ∇N and the base point p , called the “extrinsic” holonomy Lie algebra of Of (see [15],
Section 5).
Furthermore, recall the definition of the linear map h : TpM → so(ToN) (see 4). In this section, we
will prove the following theorem:
Theorem 4.14. Let a parallel isometric immersion f from a simply connected irreducible symmetric
space M with dim(M) ≥ 3 into the symmetric space N be given. If the totally geodesic submanifold M¯
(see (32)) is locally irreducible, then
h(TpM) ⊂ hol(Of) . (40)
There exist higher-dimensional, extrinsically symmetric submanifolds of some irreducible symmetric
space N which are not locally irreducible and for which (40) fails:
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Example 4.15. Let N be a simply connected irreducible symmetric space of compact type, i(N) = k ⊕ p
be the Cartan decomposition and suppose that there exists some X ∈ p with ad(X)3 = −ad(X) . Then the
orbit MX := Ad(K)X is an irreducible symmetric R-space (see Section 4.1). By means of the canonical
identification p ∼= TpN , we define a subset of N via M˜t := expN (tMX) for each t ∈ R . Then the family
M˜t where t ranges over R is called a “chain of spindles of M” (see [24]) ; it is well known that in this
situation Mt is a symmetric submanifold of N (see [24, Lemma 5]) which degenerates to a point for
t ∈ Zπ and which is totally geodesic for t ∈ 12 Zπ . These submanifolds have been extensively studied by
various authors before; in fact, they play the most prominent role among the symmetric submanifolds of
irreducible compact symmetric spaces of higher rank (see [1, Proposition 9.3.3 and Theorem 9.3.4]).
Now suppose that N is an irreducible Hermitian symmetric space; for instance, there is the pair
(Sp(n)/U(n),U(n)/SO(n)) . Keeping some t ∈]0, π/2[ fixed, set M := Mt and let τ : Mˆ → M denote
the universal covering; then f := ιM ◦ τ : Mˆ → N is a 1-full∗∗ parallel isometric immersion which does
not satisfy (40), for the following reson: Let j denote the complex structure of TpN ; then j ∈ h(ToM)
holds but j does not belong to hol(f∗TN) (cf. [15, Theorem 1.9]). In view of Theorem 1.5, this is because
M splits of locally a 1-dimensional factor: In fact, it follows from the proof of Lemma 4.12 that MX
splits of locally a 1-dimensional factor (since c ∩ so(p)− 6= {0} , see [15, Lemma 6.12]); furthermore,
MX → M,Y 7→ expN (t Y ) defines a homothety (by a factor of sin(t)) for each t ∈ [0, π[ †† and hence M
splits of locally a 1-dimensional factor, too. Note that the three assertions of Theorem 1.5 are nonetheless
valid here. A similar result holds also in the non-compact case (see [1, Proposition 9.3.8]).
We aim to prove Theorem 4.14. Let f : M → N be a parallel isometric immersion and p be some
fixed point of M . In the following, ad and Ad will denote the adjoint representations of so(Opf) and
SO(Opf) , respectively. As a consequence of the Jacobi identity, the linear map ad(A) is a derivation of
the Lie algebra so(Opf) for each A ∈ so(Opf) , i.e. for all B,C ∈ so(Opf) we have
ad(A) [B,C] = [ad(A)B,C] + [B, ad(A)C] . (41)
The next Proposition prepares a purely algebraic approach towards (40) .
Proposition 4.16. Let f be a parallel isometric immersion from a simply connected symmetric space M
into the symmetric space N , let p be some fixed point of M and consider the Lie algebra hol(Of) (see
Definition 4.13).
(a) Let σ⊥ : Opf → Opf denote the linear reflection in ⊥1pf . Then we have
Ad(σ⊥)(hol(Of)) = hol(Of) . (42)
Consequently, we obtain the decomposition
hol(Of) = hol(Of)+ ⊕ hol(Of)− (43)
with hol(Of)+ := so(Opf)+ ∩ hol(Of) and hol(Of)− := so(Opf)− ∩ hol(Of) .
(b) For each x ∈ TpM , ad
(
h(x)
)
defines an outer derivation of hol(Of) , i.e. we have
[h(x), hol(Of)] ⊂ hol(Of) .‡‡ (44)
(c) The vector space
h := {RN (x, y)
∣∣x, y ∈ TpM}R (45)
is a Lie subalgebra of so(Tf(p)N) . For each A ∈ h we have A(TpM) ⊂ TpM , A(⊥1pf) ⊂ ⊥1pf and
moreover A|Opf ∈ hol(Of)+ .
∗∗This means that Oqf = TqN holds for all q ∈M .
††This map is injective for each t ∈ [0, pi[ since N is simply connected (see [4]).
‡‡Note that in case (40) holds, (44) is obvious (since hol(Of) is a Lie subalgebra of so(Opf)).
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Proof. For Parts (a) and (b) see [15, Theorem 5.2] .
For (c): The fact that h is a Lie subalgebra of so(Tf(p)N) follows from the curvature invariance of
TpM (see Proposition 2.2 (a)) combined with the well known relation R
N · RN = 0 , i.e.
[RN (u1, u2), R
N(v1, v2)] = R
N(RN (u1, v2) v1, v2) +R
N (v1, R
N(u1, u2) v2)
for all u1, u2, v1, v2 ∈ Tf(p)N . Furthermore, RN (x, y)(Opf) ⊂ Opf and RN (x, y)|Opf is the curvature
endomorphism of Of at p , according to Proposition 2.2 (f); thus A|Opf ∈ hol(Of) for each A ∈ h , by
virtue of the “Theorem of Ambrose/Singer” . Since moreover RN(x, y)(TpM) ⊂ TpM , we have A|Opf ∈
so(Opf+) for each A ∈ h , in accordance with Part (a) of Lemma 2.1. The result follows.
With the intent to show that the “outer derivations” mentioned in Part (b) of Proposition 4.16 are
in fact “inner derivations” of hol(Of) , we consider the usual positive definite scalar product on so(Opf)
given by
〈A,B〉 := −trace(A ◦B) .
It satisfies for all A,B,C ∈ so(Opf)
〈[A,B], C〉 = 〈A, [B,C]〉 . (46)
In other words, ad(A) is skew-symmetric for each A ∈ so(Opf) .
Example 4.17. If σ⊥ denotes the linear reflection in ⊥1pf (which is an orthogonal map) , then Ad(σ⊥) :
so(Opf)→ so(Opf) is an orthogonal map, too.
Definition 4.18. In the situation of Proposition 4.16, let P : so(Opf)→ hol(Of) denote the orthogonal
projection onto hol(Of) with respect to the metric introduced above.
Furthermore, let c(hol(Of)) denote the centralizer of hol(Of) in so(Opf) (see (36)).
Lemma 4.19. In the situation of Proposition 4.16, the following is true:
(a) The outer derivation of hol(Of) induced by ad(h(x)) for each x ∈ TpM is actually an inner deriva-
tion of hol(Of) ; more precisely, [h(x), A] = [P (h(x)), A] holds for all A ∈ hol(OM) , i.e.
h(x) − P (h(x)) ∈ c(hol(Of)) . (47)
(b) We have
P (h(x)) ∈ hol(Of)− . (48)
(c) The linear map h− P ◦ h : TpM → so(Opf) is injective or identically equal to 0 .
Proof. For (a): (47) is seen as follows: We can write h(x) = P (h(x)) + h(x)⊥ with h(x)⊥ ∈ hol(Of)⊥ .
For each A ∈ hol(Of) we have:
[h(x), A]︸ ︷︷ ︸
∈hol(Of)
= [P (h(x)), A]︸ ︷︷ ︸
∈hol(Of)
+[h(x)⊥, A] , (49)
from which we see that [h(x)⊥, A] ∈ hol(Of) . We claim that [h(x)⊥, A] = 0 (and therefore (49)
yields (47)):
In fact, we have
〈B, [h(x)⊥, A]〉 = −〈B, [A,h(x)⊥]〉 (46)= −〈 [B,A]︸ ︷︷ ︸
∈hol(Of)
,h(x)⊥〉 = 0
for each B ∈ hol(Of) , which implies that [h(x)⊥, A] = 0 , since 〈· , ·〉 is non-degenerate.
For (b): From (42) and Example 4.17 we conclude that
Ad(σ⊥)|hol(Of) ◦ P = P ◦Ad(σ⊥) ,
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hence Ad(σ⊥)P (h(x)) = P (Ad(σ⊥)h(x)) = −P (h(x)) , since h(x) ∈ so(Opf)− (see (3), (4)); in this
way (48) has been proved.
For (c): We have
Kern(h− P ◦ h) = { x ∈ TpM |h(x) ∈ hol(Of) } ,
and therefore, since TpM is an irreducible hol(M)-module, it suffices to show that r.h.s. of the last equation
is invariant under the natural action of hol(M) on TpM :
Let y ∈ TpM with h(y) ∈ hol(Of) and A ∈ hol(M) be given. Thereby, according to (33), without loss
of generality we can assume that there exist x1, x2 ∈ TpM with A = RM (x1, x2) ; then
h(RM (x1, x2) y)
(6),(10)
= [RN (x1, x2),h(y)]− [[h(x1),h(x2)],h(y)] .
The second term of the r.h.s. of the last line is contained in hol(Of) , in accordance with (44). For
the first term of the r.h.s. above, note that RN (x1, x2)|Opf ∈ hol(Of) holds according to Part (c) of
Proposition 4.16 ; the result now follows.
Proposition 4.20. Let a parallel isometric immersion f from a simply connected irreducible symmetric
space M into the symmetric space N be given. If the totally geodesic submanifold M¯ (see (32)) is locally
irreducible, then dim
(
c(hol(Of)) ∩ so(Of)−
) ≤ 2 .
It is not clear whether this estimate is optimal; at least the condition c(hol(Of)) ∩ so(Of)− = {0} is
not always given (even if M is irreducible):
Example 4.21. Let N := CPn denote the complex projective space and p := (1 : 0 : · · · : 0) . Then TpN =
Cn and the holonomy Lie algebra of N is given by u(n) = R J ⊕ su(n) (where J denotes multiplication
by
√−1) . Let M ⊂ N be a full, Lagrangian symmetric submanifold through p and put f := ιM . The
corresponding examples are listed in [1, Table 9.2] (for instance, there is an isometric embedding of
SU(n)/SO(n) onto a full, Lagrangian symmetric submanifold of CPN with N = 12 (n − 1)(n+ 2)). Then
M is always irreducible, M¯ is a real projective space and f is necessarily 1-full (cf. Footnote ∗∗). In this
situation, hol(f∗TN) is given by su(n) (see [15, Theorem 1.9]). Furthermore, since M is Lagrangian, we
can assume w.l.o.g. that TpM = R
n in which case J ∈ c(su(n)) ∩ so(2n)− .
Proof of Theorem 4.14 Let a parallel isometric immersion f from a simply connected irreducible
symmetric spaceM into the symmetric spaceN be given. Then (h−P ◦h)(TpM) ⊂ c(hol(Of))∩so(Of)− ,
according to Lemma 4.19 (a) and (b) . If additionally the totally geodesic submanifold M¯ (see (32)) is
irreducible, then dim(c(hol(Of)) ∩ so(Of)−) ≤ 2 according to Proposition 4.20; hence, in case also
dim(M) ≥ 3 holds, the linear map h − P ◦ h can not be injective; thus h − P ◦ h vanishes identically,
consequently to Part (c) of Lemma 4.19. This implies that h(x) = P (h(x)) ∈ hol(Of) holds for each
x ∈ TpM .
It remains to give the proof of Proposition 4.20. For this, we will need the following concepts
from representation theory: Let a Lie algebra h , Euclidian vector spaces W and U and orthogonal
representations ρ1 : h→ so(W ) and ρ2 : h→ so(U) be given.
Definition 4.22. Put
Homh(W,U) := {λ ∈ Hom(W,U) | ∀ h ∈ h : λ ◦ ρ1(h) = ρ2(h) ◦ λ } . (50)
Lemma 4.23. In the above situation, suppose that W is an irreducible h-module. Then:
(a) Each λ ∈ Homh(W,U) is either an injective map or identically equal to 0 ; in case λ 6= 0 its image
λ(W ) is an irreducible h-submodule of U and λ−1 : λ(W )→W is an h-homomorphism, too.
(b) If µ ∈ Homh(W,W ) is self-adjoint, then there exists some κ ∈ R such that µ = κ Id .
(c) We have dim(U) ≥ dim(W ) · dim(Homh(W,U))/d .
Proof. For Part (a): This is usually known as “Schur’s Lemma”. Part (b) follows from (a) (since µ has at
least one real eigenvalue). For Part (c): Decompose U into irreducible submodules and then use (a).
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Now we consider the Lie algebra h defined by (45) and its linear representations
ρ1 : h→ so(TpM), A 7→ A|TpM : TpM → TpM , (51)
ρ2 : h→ so(⊥1pf), A 7→ A|⊥1pf : ⊥1pf → ⊥1pf , (52)
proposed by Part (c) of Proposition 4.16 .
Let Homh(TpM,⊥1pf) and Homh(TpM,TpM) be the linear spaces defined according to Def. 4.22. We
define the integer
d := dim(Homh(TpM,TpM)) . (53)
Lemma 4.24. Let f be a parallel isometric immersion from a simply connected, irreducible symmetric
space M into N such that the totally geodesic submanifold M¯ defined by (32) is locally irreducible.
(a) TpM is an irreducible h-module and
hol(M¯) = ρ1(h) . (54)
(b) We have d ≤ 2 .
(c) If dim(⊥1pf) > 2 , then hol(Of)− 6= {0} .
(d) The following map is injective,
c(hol(Of)) ∩ so(Of)− →֒ Homh(TpM,⊥1pf), A 7→ A|TpM . (55)
Proof. Equation 54 follows from Eqs. (35), (45) and (51). Furthermore, hol(M¯) acts irreducibly on TpM
since M¯ is locally irreducible (see Proposition 4.1) . Part (a) follows.
For Part (b): Let µ ∈ Homh(TpM,TpM) be given. We decompose µ = µ1 + µ2 with µ1 self-adjoint
and µ2 skew. Then µ1 and µ2 both belong to Homh(TpM,TpM) ; hence µ1 = κ1 Id and µ
2
2 = −κ22 Id
holds for certain κi ∈ R by means of Schur’s Lemma; thus, if µ2 6= 0 , then J := 1/κ2 µ2 is a Hermitian
structure of TpM which commmutes with hol(M¯) according to (54), i.e. the universal covering space of M¯
is a Hermitian symmetric space and µ2 is a multiple of the Hermitian structure of this symmetric space
(recall that the Hermitian structure of an irreducible Hermitian symmetric space is uniquely determined
up to a sign according to [14, Ch. VIII, §7]). Therefore, dim(Homh(TpM,TpM)) ≤ 2 .
For Part (c): By contradiction, assume that hol(Of)− = {0} . Using Part (a) of Proposition 4.16, (4)
and the rules for Z2 graded Lie algebras, we conclude that
∀A ∈ hol(Of)+, x ∈ TpM : [h(x), A] = 0 .
Let A ∈ h be given and put A1 := ρ1(A) ∈ so(TpM) and A2 := ρ2(A) ∈ so(⊥1pf) . Consequently to
Part (c) of Proposition 4.16, the endomorphism A|Opf = A1 ⊕ A2 belongs to hol(Of)+ . The previous
implies that for all x ∈ TpM
[A,h(x)] = 0 , thus ∀y ∈ TpM : A2 h(x) y = h(x)A1 y .
Hence, for all x, y ∈ TpM
h(x,A1 y) = A2 h(x, y) = A2h(y, x) = h(y,A1 x) .
Multiplication of the last equation with ξ ∈ ⊥pf yields
〈x, SξA1 y〉 = 〈h(x,A1 y), ξ〉 = 〈h(y,A1 x), ξ〉 = 〈y, SξA1 x〉 .
Since A1 is skew-symmetric, whereas Sξ is symmetric, it follows that
A1 ◦ Sξ = −Sξ ◦A1 ;
and therefore
∀ξ, η ∈ ⊥pf : A1 ◦ Sξ ◦ Sη = −Sξ ◦A1 ◦ Sη = Sξ ◦ Sη ◦A1 .
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We hence see: Sξ ◦ Sη ∈ Homh(TpM,TpM) for all ξ, η ∈ ⊥pf . Since S2ξ is a self adjoint linear map for
each ξ ∈ ⊥1pf , the previous implies that there exists some κ ∈ R with S2ξ = κ · Id (see Lemma 4.23 (b)) ;
in particular, Sξ is invertible for each ξ ∈ ⊥1pf unless ξ = 0 and thus
⊥1pf → Homh(TpM,TpM), η 7→ Sξ ◦ Sη
is injective, which is implies that dim(⊥1pf) ≤ d ≤ 2 . This proves Part (c).
For (d): Let A ∈ c(hol(Of)) ∩ so(Of)− be given. Using Part (c) of Proposition 4.16, it is straightfor-
ward to show that A|TpM : TpM → ⊥1pf belongs to Homh(TpM,⊥1pf) . Hence the map described by (55)
is well defined; injectivity follows from Lemma 2.1.
Proof of Proposition 4.20 Let a parallel isometric immersion f from a simply connected irreducible
symmetric space M into the symmetric space N be given such that the totally geodesic submanifold M¯
is irreducible. If dim(M) = 1 , then the result is trivial (since then dim(so(Opf)) = 1). In the following,
we assume that dim(M) ≥ 2 . By contradiction, assume that there exist three linearly independent
elements A1, A2, A3 ∈ c(hol(Of)) ∩ so(Of)− . Then λ1 := A1|TpM , λ2 := A2|TpM , λ3 := A3|TpM ∈
Hom(TpM,⊥1pf) are linearly independent elements of Homh(TpM,⊥1pf) , consequently to Lemma 4.24 (d) .
Put Uj := λj(TpM) , then λj is an isomorphism onto Uj according to Lemma 4.23. It is not possible that
U1 = U2 = U3 , since otherwise Id = λ
−1
1 ◦λ1 , λ−11 ◦λ2 , λ−11 ◦λ3 were three linearly independent elements
of the vector space Homh(TpM,TpM) , which is not possible because of Lemma 4.24 (b). Therefore,
without loss of generality we may assume that U1 6= U2 ; then even U1 ∩ U2 = {0} , since U1 and U2 are
irreducible h-modules; in particular, dim(⊥1pf) ≥ 2 dim(M) ≥ 4 . We claim that this already implies that
hol(Of)− = {0} :
By the above, the linear maps
λj = Aj |TpM : TpM → Uj and λ∗j = −Aj |Uj : Uj → TpM
are linear isomorphisms for j = 1, 2 ; therefore, for every x ∈ TpM and j = 1, 2 there exists ξj ∈ Uj with
Aj(ξj) = x . Furthermore, given A ∈ hol(Of)− , we have [A1, A] = [A2, A] = 0 , according to (47); thus
Ax = A(Ajξj) = Aj(Aξj) ∈ Uj for j = 1, 2 ,
and therefore Ax ∈ U1 ∩ U2 = {0} . We obtain A|TpM = 0 and because of Lemma 2.1 even A = 0 , i.e.
hol(Of)− = {0} .
Therefore, dim(⊥1pf) ≤ 2 , according to Lemma 4.24 (c) . On the other hand, we have already seen
that dim(⊥1pf) ≥ 4 , a contradiction.
4.3 Proof of Theorem 1.5
Suppose that N is of compact or non-compact type and let a parallel isometric immersion f : M → N
from a simply connected, irreducible symmetric space M of dimension at least three be given.
Besides Assertions (a) , (b) and (c) from Theorem 1.5, we also introduce the following two assertions,
(d) and (e) , as follows:
(d) Equation 40 holds.
(e) The totally geodesic submanifold M¯ (see (32)) is locally irreducible.
We will now prove the chain of implications “(e)⇒ (d) ⇒ (c) ⇒ (b)⇒ (a) ⇒ (e)”; which, in particular,
gives the proof of Theorem 1.5.
For “(a) ⇒ (e)”: By contradiction, assume that M¯ is not locally irreducible. Then M¯ is a flat,
according to Proposition 4.1, hence f(M) is contained in some flat according to Theorem 4.2.
For “(e)⇒ (d)”: See Theorem 4.14.
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For “(d) ⇒ (c)”: This direction is an immediate consequence of Theorem 3.6 combined with the
following lemma:
Lemma 4.25. Let a parallel isometric immersion f into the symmetric space N be given. Let hol(N) ,
hol(f∗TN) and hol(Of) denote the holonomy Lie algebras of TN , TN |M and Of with respect to ∇N
and the base point p , respectively. Furthermore, let ρ∗ : k → so(TpN) denote the linearized isotropy
representation (see (15)).
(a) There is a sequence of inclusions of Lie algebras,
hol(f∗TN) ⊂ hol(N) ⊂ ρ∗(k) . (56)
(b) For each A ∈ hol(Of) there exists some A˜ ∈ hol(TN |M ) with
A˜(Opf) ⊂ Opf and A˜|Opf = A . (57)
Hence (40) implies Assertion (b) of Theorem 3.6 .
Proof. For (a): The first inclusion in (56) is trivial. The second one can be seen as follows:
Given A ∈ hol(N) , by gt := exp(t A) is defined a one-parameter subgroup of the Holonomy group
Hol(N) ⊂ SO(Tf(p)N) . Thus we have gt = (
1
‖
0
ct )
N for some loop ct : [0, 1] → N with ct(0) = p for each
t ∈ R . Since the curvature tensor of N is parallel, we have
∀u, v ∈ Tf(p)N, t ∈ R : gt ◦RN (u, v) ◦ g−1t = RN(gt u, gt v) . (58)
Thus there exists an isometry Gt of N with Gt(p) = p and TpGt = gt , as a consequence of the “Theorem
of Cartan/Ambrose/Hicks”. The result follows.
For (b): Remember that Of ⊂ f∗TN is a ∇N -parallel vector subbundle, according to Proposi-
tion 2.2 (f) . Therefore, using an argument on the level of the corresponding Holonomy groups, we
conclude that for each A ∈ hol(f∗TN) we have A(Opf) ⊂ Opf , A|Opf ∈ hol(Of) and the canonical map
hol(f∗TN)→ hol(Of), A 7→ A|Opf is surjective. Furthermore, hol(f∗TN) ⊂ hol(N) is a Lie subalgebra.
The result now follows from (a).
For “(c)⇒ (b)”: This direction is trivial.
For “(b) ⇒ (a)”: If f(M) is a homogeneous submanifold, then f : M → f(M) is a Riemannian
covering (cf. the proof of Theorem 3.6, (a) ⇒ (b)). Hence (b) ⇒ (a) is an immediate consequence of the
following result:
Proposition 4.26. If N is a symmetric space of compact or non-compact type and M ⊂ N is a homo-
geneous submanifold which is contained in some flat of N , then M is a flat, too. In particular, then the
universal covering space of M is a Euclidian space.
Proof. Let M˜ be a flat of N with p ∈ M˜ . Let Γ : p→ TpN be the inverse of the canonical isomorphism
p → TpN,X 7→ X∗p . Since M˜ is a totally geodesic submanifold of N , it is well known that then
m := Γ(TpM˜) is a “Lie triple system”, i.e. [m, [m,m]] ⊂ m ; (cf. [14, Ch. IV, § 7]). Set
i(M˜,N) := {X ∈ i(N) |X∗(M˜) ⊂ TM˜ } .
We claim that i(M˜,N) = [m,m]⊕m holds:
We have m ⊂ i(M˜,N) , since M˜ is totally geodesic; hence [m,m]⊕m ⊂ i(M˜,N) since i(M˜,N) is a Lie
algebra (in fact, the latter is the Lie algebra of the group of isometries of N which leave M˜ invariant). In
the other direction, let [m,m]⊥ denote the orthogonal complement of [m,m]⊕m in i(M˜,N) with respect
to the Killing form B of i(N) . It suffices to show that [m,m]⊥ = {0} . To this end, one knows that Γ is
an equivariant map of k-modules, i.e.
∀X ∈ k, y ∈ TpN : ad(X) Γ(y) = Γ(ρ∗(X) y) . (59)
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Furthermore, we have ρ∗(X)TpM˜ ⊂ TpM˜ for every X ∈ i(M˜,N) ; thus ad(i(M˜,N))m ⊂ m by means
of (59) . Furthermore, 0 = B(X, [Y, Z]) = B([X,Y ], Z) for all Y, Z ∈ m and X ∈ [m,m]⊥ ; since B|m×m
is negative or positive definite, we now conclude from the previous that ad(X)m = {0} holds for all
X ∈ [m,m]⊥ , i.e. (see (59)) ρ∗(X) = 0 . Therefore, [m,m]⊥ = {0} because ρ∗ is faithful.
Moreover, since M˜ is a flat of N , we have [m,m] = {0} (cf. [14, Ch. V, Proposition 6.1]), hence
i(M˜,N) = m . Suppose now that M is a homogeneous submanifold of N which passes through p , say
M = Gp for some subgroup G ⊂ I(N)0 , and that there exists a flat M˜ of N with M ⊂ M˜ . Since
the connected components of the intersection of any two flats of N are flats of N , too, without loss of
generality we may assume that M˜ is the connected component of the intersection of all the flats of N
which contain M . Then g(M˜) = M˜ for each g ∈ G , and thus g ⊂ i(M˜,N) (where g denotes the Lie
algebra of G) . Hence, by the previous, g ⊂ m ⊂ p , thus M = expN (TpM) ; the result follows.
5 2-symmetric submanifolds
Definition 5.1 (see [1, Ch. 7.2]). A submanifold M ⊂ N will be called 2-symmetric, if M is a symmetric
space (whose geodesic symmetries are denoted by σMp ) and for every p ∈ M there exists an isometric
involution Ip of N such that
Ip(M) =M and Ip|M = σMp (60)
Example 5.2. Every symmetric submanifold of N is a 2-symmetric parallel submanifold.
Definition 5.3. Let M be a symmetric space. We say that M is of inner type if I(M)0 contains the
geodesic symmetries of M .
For a complete list of the irreducible symmetric spaces which are of inner type see Proposition C.2.
Theorem 5.4. Suppose that N is of compact or non-compact type and let a full parallel isometric im-
mersion f :M → N from a simply connected, irreducible symmetric space M with dim(M) ≥ 3 be given.
If M is additionally of inner type, then M˜ := f(M) is a 2-symmetric submanifold.
Proof. Since f :M → N is a full parallel isometric immersion, M˜ := f(M) is, in particular, not contained
in any flat of N . Thus, according to Theorem 1.5, M˜ is a submanifold with extrinsically homogeneous
holonomy bundle and f :M → M˜ is a Riemannian covering. Let G be a subgroup of I(N) which has the
properties described in Definition 1.3. We claim that already M˜ is a symmetric space of inner type:
For every smooth geodesic line γ : R→M let Θγ(t) denote the 1-parameter subgroup of transvections
along γ (see (80) and (81)). Let q ∈ M , set p := f(q) and let σMq denote the geodesic symmetry at q ;
then σMq ∈ I(M)0 since M is of inner type. Thus, using Proposition C.1, we see that there exist certain
smooth geodesic lines γi : [0, 1]→M (i = 1, . . . , n) such that
σMq = Θγ1(1) ◦ · · · ◦Θγn(1) . (61)
Furthermore, f ◦γi is a curve into M˜ ; hence, in accordance with Definition 1.3, for each i = 1, . . . , n there
exists gi ∈ G with gi(M˜) = M˜ , gi(f(γi(0))) = f(γi(1)) and
Tgi|Tf(γi(0))M˜ = (
1
‖
0
f ◦ γi )M˜ . (62)
Then, since f : M → M˜ is a Riemannian covering, (81), (61) and (62) imply that gi ◦ f = f ◦Θγi for all
(i = 1, . . . , n). Put g := g1 ◦ · · · ◦ gn ; then Tpg|TpM˜ = −Id holds, i.e. g|M˜ is the geodesic symmetry σM˜p .
Thus M˜ is a symmetric space of inner type (since G is connected).
Furthermore, we have just seen that for each p ∈ M˜ there exists some involution g ∈ G with g|M˜ = σM˜p .
But g2|M˜ = Id implies that g2 = Id according to Lemma 2.4 (c) (since M˜ is a full submanifold), i.e. M˜
is 2-symmetric. The result follows.
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Appendix
A The canonical connection
LetM be an arbitrary Riemannian manifold, G be a connected Lie group and G×M →M be a transitive
isometric action, i.e. M is a Riemannian homogeneous G-space. For an arbitrary point p ∈M let H ⊂ G
be the corresponding isotropy subgroup; then M ∼= G/H . Let g and h denote the Lie algebras of G and
H , respectively. Recall that a reductive complement of h is a subspace m ⊂ g such that g = h ⊕ m and
Ad(h)(m) ⊂ m for all h ∈ H , where Ad denotes the adjoint representation of G (cf. [1, A. 3]). Then h⊕m
is also called a reductive decomposition of g .
Definition A.1. Let M ∼= G/H be a Riemannian homogeneous G-space. A vector bundle E → M
is called a homogeneous vector bundle if there exists an action α : G × E → E through vector bundle
isomorphisms such that the bundle projection of E is equivariant.
If E is a homogeneous vector bundle over M and m is a reductive complement, then there exists a
distinguished linear connection ∇E on E , called the canonical connection . In the framework of [20], it
can be obtained as follows:
τ : G→M , g 7→ g(p) , (63)
is a principal fiber bundle,
Hg := {Xg |X ∈ m } (64)
defines a G-invariant connection H on this principle bundle (where the elements of m are also considered
as left-invariant vector fields on G , see [20, Vol. 1, p. 239]). Since E is a vector bundle associated with τ
via
G× Ep → E , (g, v) 7→ α(g, v) , (65)
the connection H induces a linear connection ∇c on E , see [20, Vol. 1, p. 87]. One can show that ∇c does
not depend on the special choice of the base point p ; therefore it is called the canonical connection. In
order to relate the parallel displacement in E induced by ∇c to the horizontal structure H , let a curve
c : R→M with c(0) = p be given; then
∀v ∈ Ep : (
1
‖
0
c )∇
c
v = α(cˆ(1), v) , (66)
where cˆ : [0, 1]→ G denotes the H-lift of c with cˆ(0) = Id .
Example A.2. Let M ∼= G/H be a Riemannian homogeneous G-space and g = h ⊕ m be a reductive
decomposition.
(a) For each X ∈ m the 1-parameter subgroup : R → G, t 7→ exp(tX) is the integral curve of X and
hence, in accordance with (64), this is the horizontal lift of the curve c defined by c(t) := exp(tX)(p) .
Therefore, in view of (66), if E → M is a homogeneous vector bundle, then we have for all X ∈
m, v ∈ Ep :
t 7→ α(exp(tX), v) is a ∇c-parallel section of E along c . (67)
(b) The induced action αM : G × TM → TM equips E := TM with the structure of a homogeneous
vector bundle over M ; let ∇c denote the corresponding canonical connection on TM . In accordance
with [20, Ch. X, Corollary 2.5], the ∇c-geodesics γ : R→M with γ(0) = p are given by
γ(t) = exp(tX)(p) (X ∈ m) . (68)
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Proposition A.3 (see [20, Ch. X, Theorem 2.8]). Let M be a Riemannian manifold and ∇M be the Levi
Civita connection. Suppose that there exists a Lie group G and some p ∈M such that
• G acts effectively on M through ∇M -parallel vector bundle isomorphisms,
• and for every curve c : [0, 1]→M with c(0) = p there exists some g ∈ G with
∀y ∈ TpM : (
1
‖
0
c )M y = α(g, y) . (69)
Then M ∼= G/H is a Riemannian homogeneous G-space and there exists a unique reductive decomposition
g = h⊕m such that ∇M is the corresponding canonical connection on TM (as described in Example A.2) .
Now suppose that M is a symmetric space. Clearly, I(M)0 ×M → M is a transitive action and the
Cartan decomposition i(M) = k⊕ p with respect to our base point p is a reductive decomposition.
Proposition A.4 (see [20, Ch. XI]). For every symmetric space M , the tangent bundle is a homoge-
neous vector bundle and the Levi Civita connection is the canonical connection induced by the Cartan
decomposition.
Returning to the extrinsic situation, let N be a symmetric space, p ∈ N , and G ⊂ I(N)0 be a
connected subgroup. Then the orbit M := Gp is a homogeneous G-space and the pullback bundle TN |M
is a homogeneous vector bundle over M via the induced action α : G × TN |M → TN |M (see Def. A.1).
Suppose that there exists a reductive complement m ⊂ g and let ∇c be the corresponding canonical
connection on TN |M . The direct sum ∇M ⊕ ∇⊥ defines a second connection on TN |M = TM ⊕ ⊥M ;
we set ∆ := ∇M ⊕ ∇⊥ − ∇c ∈ Hom(TM,End(TN |M )) . Similar as in [3, Lemma 2.2], in this situation
we have:
Lemma A.5. Let N be a symmetric space, p ∈ N and G ⊂ I(N)0 be a connected subgroup. Consider the
orbit M := Gp .
(a) TM , ⊥M , the first normal bundle ⊥1M and the second osculating bundle OM = TM ⊕⊥1M are
∇c-parallel vector subbundles of TN |M .
(b) Both ∆ and h are parallel sections of Hom(TM,End(TN |M )) and Sym2(TM,⊥M) with respect to
∇c .
Proof. For (a): We have Tg(TM) ⊂ TM , Tg(⊥M) ⊂ ⊥M and h(Tg(x), T g(y)) = Tg(h(x, y)) (since G
is a subgroup of I(N) with g(M) = M for each g ∈ G), hence the vector bundles listed in (a) are invariant
under the action of G . Thus it suffices to show that every G-invariant vector subbundle F ⊂ TN |M is
parallel with respect to ∇c and that the corresponding connection on F (obtained by restriction) is the
canonical connection induced by the action α|G×F : G× F→ F :
Let c : [0, 1] → M be a curve with c(0) = p , set q := c(1) and let v ∈ Fp be given. Then there exists
some g ∈ G with g(p) = q . Let cˆ : [0, 1]→ G be the H-lift of c with cˆ(0) = g (see (64)), then according
to (66)
(
1
‖
0
c )∇
c
v = α(cˆ(1), v) ∈ Fq ,
because of the G-invariance of F ; hence F is parallel along c . The result now follows, since the canonical
connection is independent of the base point p .
For (b): Using similar arguments as before, G-invariance of h and ∆ implies∇c-parallelity, respectively.
Hence it suffices to show that h and ∆ both are G-invariant:
Let us first verify the statement for h . Because G is a subgroup of I(N) , we have for each g ∈ G :
∀x, y ∈ TpM : h(Tpg x, Tpg y) = Tpg hf (x, y) .
This implies that h is G-invariant.
To see that also ∆ is G-invariant, note that G acts through vector bundle isomorphisms on TN |M
which are parallel with respect to both ∇c (by construction of the canonical connection, see (66)) and
∇M ⊕∇⊥ (because G is a subgroup of the isometries of N). Being the difference of two G-invariant linear
connections, ∆ is G-invariant, too.
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B An alternate description of the Lie bracket
Let M be an arbitrary Riemannian manifold, I(M) be the corresponding Lie group of isometries and
i(M) be its Lie algebra. Let K denote the isotropy subgroup in I(M)0 with respect to some base point
p , ρ : K → SO(TpN) be the isotropy representation and ρ∗ : k → so(ToM) be the linearized isotropy
representation (see (15)). Our first aim is to extend ρ∗ to a map from i(M) in a natural way. To this end,
for each X ∈ i(M) we consider the one-parameter subgroup of I(M) which is given by ψXt := exp(tX)
and we introduce the corresponding “fundamental vector field” X∗ on M (in the sense of [20]) defined by
∀p ∈ N : X∗(p) := d
dt
∣∣∣
t=0
ψXt (p) ; (70)
then ψXt (t ∈ R) is the flow of X∗ . Consider the covariant derivative ∇MX∗ for each X ∈ i(M) , which
is a skew-symmetric tensor field of type (1, 1) on M ; then we introduce
π1 : i(M)→ so(TpM) , X 7→ ∇MX∗(p) , (71)
π2 : i(M)→ TpM , X 7→ X∗(p) . (72)
Proposition B.1 ([20, Vol. 1, p. 245]). Given a Riemannian manifold M , let i(M) and k be defined as
above. We have
∀X ∈ i(M), u ∈ TpM : ∇MX∗ u = ∇
M
dt
∣∣∣
t=0
Tpψ
X
t u . (73)
In particular, π1|k = ρ∗ holds.
By means of Eqs. (71) and (72), we define a “bracket” on the linear space ρ∗(k)⊕ TpM ,
∀x, y ∈ TpM : [x, y] := −RM (x, y) , (74)
∀A ∈ ρ∗(k), x ∈ TpM : [A, x] := −[x,A] := Ax , (75)
∀A,B ∈ ρ∗(k) : [A,B] := A ◦B −B ◦A . (76)
Lemma B.2. Let M be a Riemannian manifold and let i(M) , k and ρ∗ be defined as before. Equations 74
- 76 equip ρ∗(k)⊕ TpM with the structure of a Lie algebra such that the linear map
ι : i(M)→ ρ∗(k) ⊕ TpM , X 7→ (π1(X), π2(X)) (77)
becomes an isomorphism of Z2-graded Lie algebras. In particular, the following two equations hold:
k = Kern(π2) , (78)
p = Kern(π1) . (79)
Proof. Equation 78 is straightforward. For (79): (see also [18, Theorem 2.2.20]) L.h.s. is contained in
r.h.s. as a consequence of Proposition A.4 combined with Example A.2 and (73); equality now follows
the faithfulness of ρ∗ . The Injectivity of ι now follows; surjectivity of ι is an immediate consequence of
Proposition B.1. For the bracket relations cf. [20, Ch. XI].
C On the isometry group of a symmetric space
Let M be a symmetric space whose geodesic symmetries at the various points p ∈ M are denoted by σp
and whose Cartan decomposition is given by i(M) = k⊕ p .
For every smooth geodesic line γ of M with γ(0) = p we have the family of transvections along γ ,
given by
∀t ∈ R : Θγ(t) := σγ(t/2) ◦ σγ(p) . (80)
According to [18, Lemma 2.2.5], we have
Θγ(t)(γ(p)) = γ(t) and TpΘγ(t) = (
t
‖
0
γ )M ; (81)
in particular, Θγ(t) is a differentiable one-parameter subgroup of I(M) . Let Tr(M) denote the subgroup
of I(M) which is generated by the transvections.
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Proposition C.1. Let M be a locally irreducible irreducible symmetric space. Then I(M)0 = Tr(M)
holds.
Proof. As a consequence of (81), every element of G := Tr(M) can be joined with Id by a C∞-path in
I(M) ; thus it follows from a result of Freudenthal (see [20, Vol. 1, p. 275]) that G is already a connected
Lie subgroup of I(M) . Let g denote the Lie algebra of G ; we claim that p ⊂ g holds: Since ∇M is the
canonical connection of TM according to Proposition A.4, for each X ∈ p the curve γ(t) := exp(tX)(p) is
a geodesic ofM and Tp exp(tX) y is a parallel section of TM along γ for each y ∈ TpM (see Example A.2).
Thus exp(tX) = Θγ(t) for all t ∈ R , as a consequence of (81) , i.e. p ⊂ g . Furthermore, we claim that
k = [p, p] holds:
In fact, by the local irreducibility of M , the Killing form B of i(M) is positive or negative; hence
B([X,Y ], Z) = B(X, [Y, Z]) = 0 for some Z ∈ k and all X,Y ∈ p if and only if Z = 0 (cf. the proof of
Proposition 4.26).
Therefore, we even have g = i(M) .
Proposition C.2. M is of inner type (see Definition 5.3) if and only if M is isometric to
• the compact irreducible Hermitian symmetric spaces, i.e.
SO(n + 2)/SO(2) × SO(n) (n ≥ 1), SU(m + n)/S(U(m) × U(n)) (m,n ≥ 1) , SO(2n)/U(n) ,
Sp(n)/U(n) (n ≥ 1) , E6/T · Spin(10) , E7/T · E6 ,
• SO(m+ n)/SO(m)× SO(n) (1 ≤ m,n where m or n is even).
• Sp(m+ n)/Sp(m)× Sp(n)) (m,n ≥ 1) ,
• the following exceptional symmetric spaces of compact type, E8/SO(16) , E8/E7×SU(2) , F4/Sp(3)×
SU(2) , F4/Spin(9) , G2/SO(4) ,
• or the non-compact duals of the symmetric spaces listed above.
Proof. We recall the following result (see [14, Ch. IX, Corollary 5.8]): In case M is of non-compact type,
I0(M) contains the geodesic reflections of M if and only if k contains a maximal Abelian subalgebra of
i(M) .
Furthermore, for every simply connected, irreducible symmetric space M of compact type we have
the (non-compact) “dual symmetric space” M∗ (see [14, Ch. V, §2]) and we carefully verify that we may
translate the above result one to one over to M∗ . Recalling the classification of symmetric spaces (cf. [1,
A. 4, Tables A. 1-A. 5])), we now see that in Theorem 5.4 there are listed exactly the simply connected,
irreducible symmetric spaces M for which k contains a maximal Abelian subalgebra of i(M) . The result
now follows.
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